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Abstract:

The present paper on the now partly well known Russian mathematician and “amateur economist” v.
Charasoff was originally written in 1987 together with H. Duffner three years after Charasoff’s
remarkable contribution of 1910 “Das System des Marxismus” (The system of Marxism) had been
rediscovered by the Italian economists Gilibert and Egidi. It was then the second mathematical
formulation of Charasoff’s contribution on prominent but partly still unresolved topics in Marxian
economics. However, though our paper circulated as mimeo it had not been published in a regular
journal of economics. Meanwhile, several contributions on Charasoff appeared by such authors as
Egidi, Gilibert, Kurz and Salvadori, Stamatis and Mori. But none of them seems to deal with
Charasoff’s economics in an exhaustive manner. Therefore and nevertheless, the paper may be still
of some interest to the, nowadays regrettably rather narrow, audience of economists specialized in
linear models of production, Marxian economic theory and Neoricardianism.
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Heinrich Duffner and Thomas Huth

0. Introduction

The present paper deals with the rather unknown economic

ctudies of the Russian mathematician Georg Charasoff.

charasoff, who was born in 1877 at Tiflis, studied medicine
at Moscow, until he was expelled from the university because
of his participation in the 18946 student riots. He left Rus-
cjia and matriculated at the mathematical faculty of the Uni-
versity of Heidelberd. where he obtained his doctorate in
1901. Since 1903 he lived in switzerland and returned to

Russia in 1916,

In 1909 Charasoff published Karl Marx uber die menschliche
und kapitalistische Wirtschaft as the first book of a plan-
ned trilogy, which was devoted to a systematic analysis of
Marxian and neoclassical economic theory., His second boOOK
pas System des Marxismus, which will be reviewed here, ap-
peared in 1910. The third one. Die Probleme der Produktion

und der Verteilung, which - as far as we know - never ap-



Abstract

G. Charasoff. a Russian mathematician, is & forerunner of
Leontief, v. Neumann and Sraffa in the theory of linear eco-
nomic models. As early as in 1910 he anticipated concepts
nowadays familiar to economists, such as duality, sub-system
and Markov-process for instance. His central concept of
“original capital', based on the property of convergence of
primitive and productive input-matrices. is an unusual but
sophisticated device to calculate prices of production and
v. Neumann-output structures. By the same token he obtains a

solution to Marx's transformation problem,



peared, was announced in 1910 as a critique of the theories

of Walras, Menger and v. Bbhm-Bawerk.

In our view Charasoff’'s importance is based on the fact that
his ideas - developed at a time when the use of linear alge-
pbra was completely unknown to economists - must be regarded
ac a remarkable anticipation of modern mathematical reformu-
lations of economic theory in the classical and Marxian tra-
dition. Though his contribution was noticed in the debates
of several Marxist economists, the essence of his ideas was
not grasped at all.1 The only modern discussion of Charasoff
is to be found in the exposition of his theory of prices of

production in Egidis/Gilibert (1984).2

Charasoff’'s system, however. is much more than just a theory
of prices. Therefore our aim is to give an exhaustive de-
scription and interpretation of Charasoff’s economics in

. 3
modern mathematical terms.

1. Marx’s theory of reproduction as a linear mpdel

In the context uwith his critique of Marx's formula of the
profit rate Charasoff formulates the following scheme of

. 4
simple reproduction:

i

Ct o4+ V' 4+ M= R+ M

i
=

(1)

[+] [+ [+
c  +V 4+M =K +M =M



c', V', M' resp. Co. vo. M° denote - as in Marx - the con-
stant an variable capital of the two departments and their
respective surplus values. K = K' + K® is society’'s total
capital, M = M' + M° is the total surplus value, Somewhat
different from Marx, Charasoff aggregates the departments I
and IIa, which produce the constant and the variable capi-

tal, into the "basic production', and calls department IIb

*secondary_ production'.

Charasoff decomposes the above aggregates into the compo-
nents of quantities and values and transforms this system
into a three-sectoral linear model of productions. which

serves him as an illustration for all further argument.

To introduce modern mathematical notation we generalize Cha-
rasoff’'s model into a multisectoral scheme of simple repro-

duction :

A + =
XBACB B xBlB¢bAB + SBAB xBAB

+ =
XNACNAB xN1N¢bAB + s A X A

The value of gross output of the basic production XBAB’

where

m . s : .
- Xg € R is the vector of activities in the basic produc-

tion and
- AB e R is the vector of values of basic products.

is composed of the constant capital used up in production



b4 A_, where

BACB B

- A € R is the matrix of coefficients of inputs in the

basic production.

and the used up value of variable capital xBlB¢bAB and the

surpluc value SBAB'

According to Charasoff’s system we form a matrix of inputs

of consumption goods for the workers® subsistence by the

vector of labour inputs, 1B € Rm. of -the -basic-production

m .
and the vector of real wages., b € Rm. Sg € R is the surplus

product of the basic production.

similarly, for the second department where the surplus pro-

duct of the basic production, Sp» is transformed into luxury

goods. one has SNAN = XHAN € mn. The constant and variable

capital of the secondary or luxury production, XNACNAB and

¥ 1 #bA

N B’ is fed by the surplus product of the basic produc-

e nxm
tion, where xH € Rn is the vector of activities, ACN € R

‘ n
the matrix of input coefficients. 1N € R  the vector of la-

. n
pour input coefficients and A, € R is the vector of labour

values.

Because Charasoff takes the real wage b as given and the
length of the working day T as a variable, we introduce ¢ €
R ac an index of real wages. ¢ transforms the daily value of
labour—-power bA into the hourly real wage ¢bA and, thus,

1
depends on T. i.e. ¢ = Therefore we have



(2) T = (1 + p)bA,

1 - ¢bA

where 0 { u = FEA

is the rate of surplus value.

2. The series of production

In chapter 10 Charasoff generalizes his argument to multi-
sectoral systems and leaves the simple structure of Marxian
theory of reproduction of equation {(1}. In reality. Chara-
soff remarks, a given capital physically consists of numer-
ous different goods being themselves produced by different
industries, each of which, in general, is characterized by a

peculiar physical composition of inputs,

Suppose X is an arbitrary product and X' is the vector of
inputs used up in the production of X, then X ~ X' indicat-—
es, that X' is put into the production process at the begin-

ning of the period of production and X is obtained at the

end,

The product X can be an arbitrary commodity - a luxury good

as well as means of production or, finally, any composition

of commodities. {119, emphasis added)

X', however, represents means of production alone. If the
“capitals of first order' X' are produced themselves by the

composition of capitals X'', i.e, X' ~ X'', and if this pro-




cess is continued,

then the concept of a production series X ~ Xt ~ X't~ ...~

X ~ is obtained, which has the peculiar property, that each
term in it is simultaneously the product of the following

one and the capital of the preceding one. (120)

If A is a productive matrix of input coefficients with m+n
rows and columns. then for an arbitrary vector of outputs q

m+n . . .
€ R the series of production 1iSs

2 3
g~q ~q''~qg''~ ... &> gq~gh~gh ~ A~ ..

charasoff maintains, that in the production series luxury
goods, which are exclusively consumed by capitalists. are
eliminated from the capital of first order gA. In the capi-
tal of second order, qu, those means of production are eli-
minated, which are exclusively used up in the production of

these luxury goods.

In the same manner further means of production - means of
production of second order for luxury goods - are certainly
eliminated from the capitals of third order X'''.

However , since conceptually the series of production can be
continued to infinity, obviously, beyond some finite point
any further elimination is unnecessary, and all remaining
elements of the production serjes will be composed by the

very same means of production, which, ultimately, are indis-



pensable in the production of each and every product, and

which, therefore, we may denote as basic products [Grundpro-

dukte]. {120 - 121)

Charasoff's idea can be represented by a decomposable matrix

of input coefficients of the following structure:

CB B
(3) a=| ° = + :

ANB AN ACN AN 1N¢b °©

where O £ AB € R is the indecomposable matrix of the ba-

sic system,

nxm . . - s
o < ANB € R is the matrix of input coefficlents of those
basic products, which enter into the production of the non-
basics, and

nxn . ) .
0 ¢ AN € R n is the matrix of non basics, which enter ex-

clusively into the production of non-basics,

In order to eliminate all non-basics from the production
series by Charasoffs procedure, AN must be a nilpotent ma-
trix, i.e. [AN]k = O for some positive integer k. This is
guaranteed, if - as Charasoff assumes - non-basics do not
enter directly or indirectly into their own reproduction.
This is tantamount to the possibility of reducing the pro-
duction of luxuries and their means of production ultimagig
to basic products - in an "Austrian’ sense. If K steps are

required for this reduction process, AN is nilpotent of or-

der K.



Means of production for luxuries

are themselves gained by other auxiliary materials, hence
forming a transition from means of production proper to lu-

xuries. (119)

Because the series of production reduces itself to basic

products, Charasoff concludes:

Hence the entire problem of pricing boils down to the deter-

mination of the prices of these basic products. (121)

Therefore he confines his analysis to the basic system,

3. The original capital
3.1. The series oOf production and the original capital

Charasoff formulates the basic system as a system of linear
equations and derives from it the idea of the 'original ca-
pital* (Urkapital) by expanding the series of production to

capitals of increasingly higher order:

Let us denote by A, B, C,... the yearly produced quantities
of the different products, and by A*, B', C', ... their ca-

pitals of first order, then by A'*, B*', C'', ... the capi-



tals of second order etc., then the capitals A', B', C',
therefore are compositions of the products A, B, C,

which can be stated by the following equations:

A' = JA + mB + nC + ......

B' =gA +rB+ sC+ ......

C' =uA + vB+wC + .......... etc. ,

where the letters I, m, n, q, r, s, ... represent certain

numerical quantities given by the technical conditions of

production which. for a given technique, must be regarded as

constants. (121 - 122)

To the capitals of first order A', B', C', ... of the basic
- &
system the corresponding vector 1is q' = gA. In the same
2
manner the vector of capitals of second order is qQ'' = gA .,

or., as Charasoff puts it:

A'Y = JAY + mB' + nC" + ......

w
1}

gA' + rB' + sC' + ......

2
It

UA' + vB' + WC' + .......
From this one can see, that the capitals of second order are

composed by those of first order. But, since the phvsical

composition of a sum of capitals obviously is always an ave-

rage_of the physical composition of the summands, it follows

that the capitals of second order are alwavs less diverqgent

in_their type as is the case for the capitals of first or-

der. (123)

Since the capitals of higher order are themselves produced




by capitals increasingly similar in their composition, the
series of production converges to a structure of uniform
physical composition. This feature of the series of produc-
tion is the basis of Charasoff’s theory of original capital.
For the series of production, q ~ gA ~ qu ~ ... Oof a given
product g, the capital of order t+1 is th. To verify Chara-
coff’'s proposition, it has to be shown that the series of
production converges to a stable structure - the original

capital of the technique A:

Az is well known for systems which yield a surplus product
the series of production converges to the null vector, be-
cause for t - o one has lim At = O, But for a peculiar nor-
malization of A the structure in question is obtained.7

By a theorem of Nikaido (1968) a nonnegative. indecomposable
and primitive matrix A" with the maximum eigenvaiue a(A*) =

P 8
1 converges to a stable limit matrix 2 > O,

By definition, the matrix A > O of the basic system is inde-
composable, Since A = AC'+ 1¢b, with 1 > o and b > 0O, it is
guaranteed that ayy > 0 for at least one i. which is a suf-
ficient condition for primitivity of A, Therefore we divide
A by its maximum eigenvalue a(A) < 1 in order to obtain AS =
éA with the maximum eigenvalue a(A*) = 1. A*. as a scalar
multiple of A, is nonnegative, indecomposable and primitive
as well.

t+ * % %t
obviously [A° 15" = [A"1%A". For t - ® ue get lim [A']



. X _t % . *_t . N
= 1lim [A ] A . Denote lim [A ] =@, with 2 > O. Similarly
% _t+ * . »* ¥* A % _t+
lim [A ]t 1. 2, such that 2 A = lim [A ]tA = lim [A ]t !
* ) . i ie 3 .J

= I, Conversely, A 2 = Q implying © = w A resp. =
*® .«

Aw'd for every row resp. every columnn vector of 2 (i.]j. €
{1.....m}}. Therefore all rows and columns of R are eigen-

*
vectors corresponding to a«{(A ) = 1 which are identical up to
a scalar multiple; the limit matrix 2 is the vector product
* *
of the eigenvectors p and x corresponding to the maximum
»*
eigenvalue a{A ) = 1 resp. a{d) < 1:

X

. * _t
lim [A'] =a2=px,
The row vectors of £ with the structure x*
are all of cone and the same composition and therefore do not

differ qualitatively any more but only quantitatively, i.e.

merely in their dimensions. They are conly different quanti-

ties of one and the same capital. (111)

. . *®
This structure of inputs x Charasoff calls the original

capital,

Thus, for a given technique A, the series of production of

an arbitrary product q converges to the structure of the

original capital
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3.2. The original capital and the system of prices

»
The ratios of the row vectors in 2 = p x correspond to the
N | :
ratios of exchange p . 2. therefore, transforms an arbitrary

*
system of prices p into the vector of prices p

1p pxp=pu, 7WEeER,
»
p is the vector of prices of production of the basic sys-
tem:
»* »*
p A(1+4R) = p

* 1 9
for A = -A = (1+R)A.
o

The prices of the products are proportional to the values,
or dimensions, of the expended [éectoral] original capifals,
and the capitalist rate of profit is determined by the rate

of growth of the original capital. (117)

AS to the problem of transforming labour values into prices
of production Charasoff’s theory of the original capital
provides a clear cut solution: As A runs to @ Marxian cost

prices AA finally are transformed into prices of product ion
o, :
QA=pTm, T eR.

We see that our solution of the problem of pricing can be

given a form where the notion of labour can be avoided al-
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most completely and where the prices of products are defined
immediately by capitalist original cost...This could have
been expected too, because prices are formed on a capitalist
market where practically nothing is understood about the
labour theory. Nevertheless, the law of value regulates pri-
ces, for capitalists, saving original capital, save labour
embodied in the original capital as well. They don’t know

it, yet they do it. (111 - 112)

Charasoff does not leave off with the result that the inter-
nal dimensions of the original cabital in the matrix 2 yield
the vector of prices of production p*. He also argues that
X, the composition of the original capital, has a signifi-
cant meaning for the physical structure of the economy. If
thé composition of the original capital itself is taken as

the dimensions of the activites of the basic system. this

yields a vector of outputs of composition x*.10

The original capital is nothing but the basic production the
branches of which are taken in quite specific dimensians.
That is, the criterion for these dimensions is that the
gross produce of the basic production, if it should repre-
sent an original capital, must be of the same type as its

total capital. (126)

. . *
If A is activated by X we obtain Charasoff's analogue of
Sraffa’'s standard system:

* *
X A(14+R) = X
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From this one concludes that that original type, to which
all capitals of lower order converge as their common limit,
has the property of accruing in the process of production
without any qualitative modification and that its rate of

growth must serve as the general rate of profit. (124)

with the original capital we have the idea of a value creat-
ing growing capital represented in its purest form, and, in
fact, its rate of growth P emerges as the general capital-

ist rate of profit R. (111 - 112)

since the maximum eigenvalues of the quantity system and the
price system are the same, Charasoff is right in concluding
that the maximum rate of growth of a capitalist economy

equals its rate of profit, for

the height of the rate of profit of the basic production,
and, therefore, of the money rate of profit too, does not
give the actual but merely the virtual rate of growth of

capital . (179)

If the actual rate of growth should equal the rate of profit

some peculiar conditions must be satisfied:

Imagine a capitalist society where all surplus labour Is
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directed exclusively to accumulation, or, to the production
of new capitals, the process of accumulation being uniform
throughout., such that all firms grow at the same pace and
all entrepreneurs receive profits proportional to their ca-
pitals which they use without any deduction for the expan-
sion of their firms. Under these conditions the social capi-
tal will be of the criginal type and the rate of profit,
obviously, will have that meaning which it always has In our
analysis - it gives the rate of growth of the original capi-

tal in the annual process of production. (126 - 127)

* ¥* * ¥
Charasoff here describes the system x Ap = «xX p which Mo-
rishima (1973) calls the "Marx-von Neumann model™. In this

model Marx’'s formula for the rate of profit holds.

The more the capitalist restricts his luxury consumption the
more his revenue contracts, luxury capital vanishes, and the
more exaxtly the average rate of profit, as it should be
calculated according to Marx, gives the actual height of
money profit. At the same time it turns more and more into
the rate of accumulation, the rate of growth of capital.

(177y

3.3. The Fundamental Marxian Theorem

Charasoff emphazises that profit depends on surplus labour

and refers to the physiocratic idea
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that profit must be based on physical surplus. (83) If no
surplus labour is performed in the basic production, no pro-
fit can arise at all, because it lacks foundation - the ca-

pital sp . (87)

If labour time is reduced to necessary labour time, the sur-
plus product vanishes and the material basis is withdrawn

from profit. This statement Charasoff denctes as

the fundamental law according to which profit stems from

surplus labour. (97)

The equation of the quantity system of the basic production
is
xB[AB 0] + [SB. o] = [xB. o],

and that of secondary production

2, (A Ayl * [0 syl =[xy ¥yl

In physical terms the Marxian condition of equilibrium for

cimple reproduction is

%M = S

The capital of the secondary production equals the surplus,
that of total production equals the produce of the basic

production. (96)

Charasoff now argues as follows:



If the working day is reduced to labour time necessary for

the reproduction of labouring power., that is T = T = baA.

then exclusively the processes of the basic production can
be activated in certain. fixed proportions.
If ¢ = % = ——, then A, turns into Xé. the maximum eigen-

bAB

value of which is & 5) = 1. Though Charasoff calculates Kg
and its corresponding eigenvectors only by example, 1t is
clear that this might be done by his concept of original

capital as well:

The limit matrix € = px corresponding to Ké encompasses the

correspondig vectors of outputs and prices, unique up to a

scalar factor:12

(4) X =XA =XA_+%x1¢Db,
—_— - L . .
XIB¢ = X1l¢ = T = N is the number of workers, with L as the

total amount of labour performed.

The output ig merely replaces the used up means of produc-—
tion and the consumption gOOdS of the workers: thus the sys-—
tem is transformed into a subsistence economy. By ¢ = ¥ fol-

- = o ) . . s
lows SB XNANB and finally because of the SpElelC

structure of AN we get XN = 0.

The system of prices dual to (4) is
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(S) pB = AB 8 = ACBPB + 18¢ pr.

Both departments will lack profit. All that will be produced
will have to serve for the reproduction of constant capital
and labour power. (98)

In this system prices ﬁé are proportional to labour values
A

B

charasoff always proves the equivalence of surplus value and
profit with respect to the difference of necessary labour

and surplus labour. He critizises Conrad Schmidt13 who

plainly reveals his main interest in the problem of distri-
bution thereby ignoring completely the problem of produc-
tion: the length of the working day IS assumed as given and

the wage as variable - and not the opposite. (XXVI)

Moreover, there always would be a functional relation bet-
ween the height of the rate of profit and the wage of la-
bour, a relation which is expressed by the fact that - the
technique and the length of the working day assumed as con-
stant - profit turns out to be the higher the lower the wage
is and vice versa. But, strangely enough, Schmidt regards
these arguments of his as a proof that one can study the
social relationships of today without the law of value quite
well too, Instead, quite the reverse, of recognizing in this

4 confirmation of the law of value. Obviously, this Is be-
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cause he ranks the problem of distribution above the problem
of production and because he is unable to see the factory

behind the market. (XXVI)

4. The reproduction capital and the reproduction basis

Starting with the series of production Charasoff develops in
chapter 12 the concepts of the reproduction capital and the
reproduct ion basis. Both represent sub-systems the first of
which is related to total basic production. while the second

one exclusively refers to means of production.

4.1. The reproduction capital

The series of production can conceptually be regarded as &
sequence in time of capitals of increasingly higher order
which in the final period once yield a definite product as a
surplus, If this product is to be consumed periodically. the
sum of the components of the series of production can be

regarded as just that capital which society simultaneously

must apply:

The idea of a reproduction capital can most simply be made
clear if one thinks of a society producing only one definite
article X as net product or as a fruit of its surplus la-

bour. To be able to produce this article at all, sociely
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must operate the different industries, yet all of them only
as an aid in the main production of commodity X. Whatever
else is produced society itself consumes for the sake of
production (and as necessary consumption of the working
class), only the article X can be withdrawn from production,
can enter into luxury consumption, or can be exported.

(141)14

This is in full analogy with Sraffa‘’s definition of a sub-
system: '‘Consider a system of industries (each producing a
different commodity) which is in & self-replacing state...
Such a system can be subdivided into as many parts as there
are commodities in its net product, in such a way that each
part forms a smaller self-replacing system the net product

. ; . 1S
of which consists of only one kind of connodltg.“l

Continuous reproduction of the surplus product requires that
the capitals of higher order which constitute the production
ceries act simultaneously — so to speak in spatial coexis-—
tence (140). The reproduction capital of any product, there-
fore. is the sum of the infinite sequence of capitals of

higher order:

It some product X is annually consumed beyond the wages of

»

labour then the capital X' + X'* + ... + X + ... necessari-

ly must be available to society. Then this capital reprodu-

i

ces itself with an increment X, and this is why we may call

it the reproduction capital of product X....This, again, is




nothing but the basic production taken in such proportions
that the entire surplus takes on the pure shape of product

X. (140 -141)

Let us assume that exclusively the quantity S5 of commodity
i is produced as society’'s surplus then the corresponding
sub-system is

xi = xiA + si. where si = siei . and ei is the i-th unit

. m
vector in R .

The reproduction capital of this product therefore is the
infinite series

slA + slA? + SlA3 + ...

[ee] N s
As EiAt: [x - A]—lA and x' = sl[I - A]"1 for the repro-
t&

duction capital we get

s'[1 - a1 'a = x'A,

Since Charasoff did not know this modern form of solution,
he approximates the Leontief-inverse by assuming that the
original capital is reached at a finite stage in the produc-

tion series:

Consider, if X 1is of sufficient high order and approximate-
ly of the original type, that the reproduction capital of X‘
is of the original type again, that is, it must equal Xx/P‘,

where P is the rate of growth of the original capital:

since X /P annualy ylelds an interest X . Therefore the
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reproduction capital of a product X Is not X* + X*'' + ... +

»”

X , as would have been obtained, if the addition would have

»

been broken off arbitrarily, but X' + X'' + ... + X +

»” »

X /P . (144)

4.2. The reproduction basis

Because A = At + 1¢b and therefore workers® consumption
goods enter into the reproduction capital, the latter de-
pends on the level of wages and on the length of the working

day as well. (146)

1f we are merely interested in the means of production which
enter directly and indirectly into a given product, then we
have to exclude workers' consumption goods from the repro-

duction capital.

Unless wages are considered as expenditure but as part of
social income one has to attribute special theoretical im-
portance to that reproduction capital which was calculated
with the assumption that wages are null. Let us denote such

2 reproduction capital the reproduction basis. The reproduc-

tion basis is calculated by the same method as the reproduc-
tion capital except that wages, thoroughly, are assumed as
non-existent or null; in other words, only physical aids of
the process . of production are conceived as means of produc-

tion, but not the necessary consumption of the working popu-
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lation. (146 - 147)

Thus, the reproduction basis for Yy units of commodity i is

. - . ;
lAi + glAc + ..., where y =y.e

i
ya +y ;

i -1

c i
q (Y )A_

[r- Ab]-lAc is the matrix of vertically integrated coeffi-
cients of means of production:

c, i c, i i i -1 .

a(y)=q (gJ‘)AC +y =y [I-A] is a sub-system for

1.
Yy 1n Sraffa’s sense.

Like Sraffa Charasoff applies the reproduction basis for the

calculation of the value of an arbitrary commodity 1i:

If R is the reproduction basis of a particular product X and
a Is the quantity of human labour which annually has to be
expended on this reproduction basis, then the annual repro-
duction of the product X costs society exactly the quantity
a of labour. With this, eventually, the concept of labour
cost of production and, consequently, of value of commodi-

ties is defined. (147)

This is exactly Sraffa’'s sub-system method of calculating

labour values:

i -1
g - Al

[Io
1!

il

qc(gi)l
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“Thus in the sub-system we see at glance, as an aggregate,
the same quantity of labour that we obtain as the sum of &
series of terms when we trace back the success of stages of

. )
the production of the connodltg."l

For the value of an arbitrary product y we get with this

method

(&) yr = g (y)l.

In his first book Charasoff already sketches the possibility
of determining labour values by reduction to dated quanti-

17
ties of surplus_labour.

The value equation A = ACA + 1 can be reformulated as fol-
lows:

A=A AN + L 1 + H

c 1+p 1+u
! H
= + 1
A+ —rmgyer 0N IR
: 1 —
By equation (2) follows —TT:ETEX—-— $. Thus
= . H - M 1. -1
A= [Ac + ¢1b]A + T 1 = T [1 Al 1
- _H 2
= T7g [1 + AL + A 1+ ... ]

or. for an arbitrary product y we have

(7) yr = —ha(y)!
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with y[I - A} = q(y).

4.2.1. The reproduction basis of the socially necessary

product

special importance Charasoff ascribes to the reproduction
basis of the socially necessary product Nb. Charasoff deve-

lops this concept by the following argument:

Given the technical conditions of production, the needs of

- \Y
the working class and the number of workers N, then, if L .

the labour which has to be performed on this basis, is dis-

v

L
tributed equally on the workers, each worker has to work

4

= 7Y hours. If the length of the working day is exactly T =
¥ = bAa hours, then all workers must be employed on the re-
production basis of the necessary product. Consequently
there can be neither surplus labour nor profit. If, however,
the working day is prolonged beyond T’ such that each worker

\Y m
works T = T + T hours, then the necessary labour Lv can be

v
\ L.
performed by merely N = T—-mstead of N workers. Thus, N -

v
N~ workers are set free to work on the reproduction basis of

the surplus product.

v
. v Vo v
Replacing L~ by NT yields N = N %—-for the number of wWoOr-

kers engaged in the reproduction of the necessary product.
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"

and N© = N 3— for the workers producing the surplus product.

v
The ratio of NV ana N© is equal to the ratio Iﬁ” that is the
T

ratio of necessary labour to surplus labour.

The workers of the first category perform the socially ne-
cessary labour and, therefore, may be called necessary la-
bourers - in contrast to the surplus labourers which are
immediately engaged in the production of the surplus pro-

duct. (149)"°

The core of this idea of assigning necessary and surplus
labour to certain groups of workers is already found in

Mard:

“Developed further, the total agricultural labour, both ne-
cessary and surplus labour, of a segment of society must
suffice to produce the necessary subsistence for the whole
of society, that is, for non-agricultural labourers too. ...
Although the labour of the direct producers of méans of sub-
sistence breaks up into necessary and surplus labour as far
as they themselves are concerned, it represents from the
csocial standpoint only the necessary labour required to pro-

W19
duce the means Of subsistence.

The reproduction basis of the necessary product Nb is
Mb[I - A ] 'A_ = q (Nb)A
B [ c] [es] - q ) C'

itz value
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Nb[I - A_] "1 = NeA. unere bA =T,
We see at glance that the system of necessary production is

identical to the subsistence economy of equation (4) with

the exception that in the former surplus labour exists:

]

1
%]
i
%]
>|
i
%
]
5

C C —
qQ (Nb)A_ + Nb = q (Nb) &=> XA_ + Nb

X[A. + 1#b] = X.

i 2 e P = = d{1+ .
With ¢ (T+H)BA and ¢ o We get ¢ {1+u)
Therefore
(8) X[A_ + 1#(1+u)b] = X or

—_— v m -—
XAC+(N +N)b=x,
Thus, in the system of necessary production a surplus pro-
duct is obtained which simply is a scalar multiple of the
vector of real wages b. The rate of surplus value, there-

fore, can be derived as a ratio of physical quantities,

If the working day Is reduced with wages remaining constant,
a definite part of the surplus labourers has to migrate to
the category of the necessary ones until there are no more
surplus labourers and the working day is restricted to ne-
cessary labour time alone. Here the connection between sur-
plus labour and profit is a transparent one and it is easy,
too, to demonstrate the further connection between the rate

of surplus value and the rate of profit. (149)

Therefore Charasoff formulates the following
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Proposition

The organic composition of necessary capital, measured In
money units, is equal to the organic compo;%ion of original
capital measured in labour units. Let us denote it by Z,

then the general rate of profit is pu/(Z + 1). (150}

X Ap XA _p
(1) C =z = C
* — —_— »*
x lébp x1¢bp
= H
(1) R= 27571
Proof :

The quantity system of original capital is
“IA_ + 16b](1+R *
x [A- J(14R) = x .
multiplied by p
»* — ¥
x [AC + 1¢b]p(1+R) = x p.
*
similarly, the value system activated by x is
¥ —— ¥
X [AC + (1+p)le¢b]p = X p.
Thereby for the rate of profit follows

* —
px 1ébp

= = H = M
(7) R = * * — * - *
b4 ACP + X 1¢bp X Abp . Z{(x ) + 1
x 1#bp

As is seen from equation (8)., the system of necessary pro-
duction is
X=X + (1+p)1eb],
% = X[A. (1+p) ]
*
multiplied by p

—

- *
p = x[Ac + (1+p)1¢b]p
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On the other hand the system of prices of production, acti-
vated by ¥, is

— ¥ —_— *

Xp = x[l\.C + 1¢b]p (1+R).

Thus for the rate of profit follows

J— %
(10) R = Hx14bp = H = H
— %* —_— * . *® —
xAcp + X1¢bp xACp Z{(x) + 1
— = *!
x1ébp

Setting (9) equal to (10) yields

(1) Z

(ii) R

Z(x") = Z(¥) and

P,
= T |

We see that, formally, Charasoff has all the elements for &

20
complete theory of ‘‘dual duality':

The system of necessary production (8)

X = x[AC + (1+u)14b]
is dual to the system of labour values

P = [A. + (1+u)1¢b]p.
while the original capital

»* »*

x = x [A_ + 16b](1+R)
is dual to the system of prices of production

* *
p = [AC + 1éb]p (1+4R).

From the point of view of modern debates on Marxian economic
theory it is straightforward that the original capital X
becomes identical with the system of necessary production X,
if the vector of real wages b is an eigenvector of A_, as

C

well as p becomes identical with p. if 1 is an eigenvector
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e i. e., if the organic composition of capital is uni-

form. In either case Marx® formula for the general rate of

profit holds.21

4.2.2. The relation between the reproduction basis and the

reproduction capital of a given product

To analyze the relation between the reproduction basis

qc(g)AC = y[I ~ AC]—iAC and the reproduction capital gq(y)A =

y[r - A]-IA of a product y, Charasoff argues:

Let yA be the value of a given product y and %ﬁ = yA¢ the
number of workers, which produce y. Then yA¢bA is the wage
of these workers. In order to yield this wage. an additional
nurmber of workers have to be employed oh the reproduction

pacis, such that their surplus labour is exactly YAdba.
yAebA
Tm

Their number is

thereby producing the necessary pro-

duct of value g%-bh and, thus, for g%-workers. Then
T T

The reproduction capital of our product originates from its

reproduction basis, if the reproduction basis of the neces-

yA workers is added to it and if, moreo-

sary product for

ver, this necessary product itself is added to this capital.

(182) i.e.:

_ I P 1 .- yA
q(y)A = yf1I Ab] Ac + —;ﬁ-b[l AC] AC + ——E_b



Charasoff leaves the proof as an exercise to the reader:

As

a(y) = Q(YA. *+ QW)1%b + y = [qy)1eb + y][T - A]

and

a(y)A = q(y)a. + q(y)l¢b

it follows, that

-1
a{y)}A = [q{y)1l¢b + y][I - AC] AC + q(y) 1¢b.
Therefore, between g(y)A and qc(g)Ac the following relation

is established:

a(y)A = @ (YA, + q(u)1eb[T - A1 A + q(y)1eb

A .
It only has to be shown that gﬁ.= q{y)l#. By equations (&)
T . .

and (7) one has

q(y)l _ i+ T q(y)1

C m A
Thus gg = q(g)l = q{y)1¢. completing the proof.
T

Obviously b&@ q(y) = ., since

the greater 7" the smaller the reproduction capital of a
peculiar product and vice versa: given the social capital,
the more products are produced beyond the wages of labour.

If, however, T" = 0, then the reproduction capital of any
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item is infinitly great and no product can be produced be-
yond the necessary one. This, again, confirms that profit,

also In its physical shape, stems from surplus labour. (1S52)

5. Competition

The concept of original capital serves Charasoff for solving
the dual problem of equalization of profit rates on the one

hand and of adjusting output to demand on the other hand.

5.1. The equalization of profit rates

Characsoff assumes that the sectoral distribution of capitals
is adapted exactly to social needs but market prices still
deviate from prices of production thus yielding different
profit rates for different capitals. He describes the forma-
tion of a general rate of profit by a procedure known today

2
as Markov-process: z

t #®_ t O
p:[A]p.

* 0 1 0
For t = «w follows p = Q p = —E_'A I p and thus

» *
p = (1+R)Ap .

We see that the initial price pof a commodity X at first is

transformed into a magnitude proportional to the Initial



price p' of capital X'; further into a magnitude proportion-
al to the initial price p'' of the capital of second order
X', and so forth in infinitum....In this manner the analy-
sis of capitalist competition leads us to the theorem of
original capital anew. If such an original capital would not
exist, a general rate of profit would be Impossible, and
that is why everyone who speaks of regular prices of produc-
tion or of a general rate of profit unconsciously recognizes

the fact that such an original capital exists. (137 - 138)

Marx's algorithm of transformation merely performs the first
. : 0
step of iteration for p = A:

1 1¢bA
R

Here Marx breaks off his conversion of values into prices
and this is the first imperfection of hi; theory of prices
which one does not grow tired of blaming him for, Instead of
improving it by a dialectical development of the basic idea.
A second imperfection is that Marx absolutely wanted to
start with labour values of commodities. This, however, IS
really inessential for the theory of prices as such. The
initial prices are allowed to be arbitrary. Identifying them
with values may be an inevitable logical necessity, If one
recognizes the law of economizing on human labour as the
ma_jor premise of all human economy. For the theory of capi-

talist competition this is of no concern. (138)

s




- 34 -

5.2. Supply and demand

Charasoff asks, how a reallocation of social capital to the
different sectors is possible, if the physical composition
of the sectoral capitals is not uniform, because this im-
plies that by contraction and expansion of sectoral outputs
inputs are set free and demanded in incompatible propor-

tions.

The original capital allows for a simple solution of this
problem: By definition, in 2 = p*x* sectoral inputs are of
uniform physical composition., Charasoff argues that by suc-
cessively expanding the series of production input demands
of all sectors finally tend to the structure x*. Therefore

on a sufficiently low stage of production it is possible
to turn a certain portion of original capital which earlier
formed ,say, the fourth stage in the production of product A

into the fourth stage of production of product B. (133)

Thic idea is dual to the Markov-process above:

»
]

xo[A*]t and for t - o

% 0 »*
X = X 2 = (1+R)x A

. C m . C
Since any initial vector x € R in the limit is transformed

* : .
into the original capital x , so, conversely, any activation
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¥ ¥
x' € R" of the disaggregated original capital € = p X can

»*
be derived from the original capital x :
X2 =x =x'4

*
for the normalization x p = Xx'p = 1.

In other words, Charasoffs idea is that the sectoral por-
tions of the original capital are regrouped corresponding to

the shift of demand for the surplus product s = x[I - A] to

the demand for s' = x'[I - A].
¥ ¥ . * ¥
X
. XyPy¥ X1Py .
X 2= . — . = x'Q,
* % ¥ %

~ ”~

where x and x' are diagonal matrices formed by the vectors x

and x°'.
It is as If a field had been used for the production of rye

which previously had served for the production of wheat.

(134)

6. Technical change and the rate of profit

The correct determination of prices of production leads Cha-
rasoff, like before him v. Bortkiewicz, to a critique of
Marx‘s law of the falling profit rate. Marx maintains that
the fall of the profit rate inevitably results from the ri-

sing ratio of dead to living 1abour.23 To this Charasoff re-
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marks:

It is certainly possible that the ratio a/c of living labour
to dead labour falls and that simultaneously the rate of
profit m/c+v rises; in the long run such an inverse movement

of both magnitudes, yet, is impossible. (1S5)

This Okishio (1961) points out too, stressing that on this
condition a rising rate of surplus value ultimately cannot
compensate for the rising organic composition of capital.
Both Marx‘'s value rate of profit m/{c+v) as well as the cor-
rect rate of profit R, cannot exceed this tendentially fall-

ing least upper bound.

But Charasoff agrees with Okishio who demonstrates that R
must rise even if the above condition is satisfied. because
capitalists introduce technical innovations only if they are
cost-reducing. Moreover, Charasoff recognizes the specific

role of the basic system in this context:

The regular system of prices of production p taken as a ba-
sis, the general profit rate equals R and the cost price of
a particular commodity equals k, whereas its selling price
equals k(1+R). Now a new method of production is introduced,
where the cost price turns out to be lower, namely equal to
K, while the commodity, for the time being, is sold off at
the old selling price k(1+R) and its seller realizes a pro-

fit rate Rj situated above the regular one. Since under the



old system of prices of production the profit rate does not
turn out to be equal throughout but has become equal to R.
for a new capitalist, while it has remained the same for al}
the others, competition with its equalizing tendency will
have to come in, and for all commodities new prices of pro-
duction will be brought about, through which, finally, the

profit rate will become equal, everywhere, say, = R'.

(189 - 190)

If. therefore, the initial system of prices of production is
Ap(1 + R) = p and if & new technique A' is introduced, such
that

i . A
a- =a'", i=*]j, i.je{1l.....n},
then the innovating sector j realizes an extra-profit be-
cause
a'ip(l + R) = p and

i

a'jp(l +R) (py &= a'Jp(1 + Rj) =p. R > R.

Equalization of the profit rates yields the new system of

prices p' and a new rate of profit R'.
Alpl(l + Rl) - pl

The question now is whether the magnitude R' will be lower
or greater than R.

Yet, put this way, the gquestion is answered at once, since
the general rate of profit is always the average of the par-—

tial rates of profits calculated on the basis of an arbitra-
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ry system of prices. Thus the new average rate of profit
will be situated between Rj’ the rate of profit of our capi-
talist, and R, the rate of all the other capitalists, calcu-
jated on the basis of the old regular system. It never can
fall below the previous rate of profit R, but will always

exceed it, if it refers to the basic system. (190)

24
Mathematically, Charasoff’s argument is as follows:

A'p(1 + R) { p =

] ]
min _?.._P__ { o' < max __E___E__,
i Py i Py

where o' is the maximum eigenvalue of A'.
Thus

a'Jp(l + Rj) > a'ip'(l + R') > aip(l + R).
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Footnotes:

*
University of Bremen.

We wish to thank Heinz D. Kurz for helpful comments on an

earlier draft of this paper,

Charasoff (1910) was reviewed by the Austrian Marxist
Bauer (1911). Bucharin (1925) and Grossmann (1929) mention
him casually. Moszkowska (1929). pp. 31 - 32. recognizes
that his transformation of values into prices is correct

without considering it in detail.

We received the article of Egidi and Gilibert only after
our argument had been worked out. According to Porta (1986).
p. 453, an italian edition of Das System des Marxismus is

prepared by G. Gilibert.
In this paper all gquotations from Charasoff’s book are in
italics. Moreover, for the sake of consistency, in quota-

tions we sometimes replace Charasoff's symbols by ours.

Charasoff’'s critique of Marx’'s formula is analogue to v.

Bortkiewicz’s. See Charasoff (1910), ch. &,

S
See Charasoff (1910}, p. 96.

If we refer exclusively to the basic system. the subscript

B is omitted.
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The following deduction, of course, is not Charasoff’s,
who. however, points out that the original capital is ob-
tained after a finite number of steps t(4) with an arbitrary
small deviation: q[At +4d4] = qR, 4 € R™™®, Moreover, our
normalization is not the only pbssible one. The ob jection
might be raised that the presumption of the eigenvalue is
tantamount to the presumption of the profit rate which Cha-
rasoff gets as the result of his analysis. The point, howe-
ver, s to give a simple and precise view of Charasoff’s
idea. For an alternative normalization see Egidi/Gilibert

(1984), p. 48.
8 . :
See Nikaido (1968), Theorem 8.1., p. 110,

The prices of secondary products are irrelevant for the
determination of R. As soon as the prices of the basic pro-
ducts and the profit rate are known, the prices of the se-.
condary products Anp*(1+R) = p* are determined as well. In
this generalized form Charasoff (1910), pp. 90 - 92, formu-
laﬁes the *'theory of the corn profit rate' which. according
to Sraffa (1951), pp. xxx - xxxiii, Is due to Ricardo -~ an
idea also found In Dmitriev (1904) and v. Bortkiewicz

(1907).

The original capital, of course, consists of basic pro-
ducts alone, since -~ as Charasoff presupposes - AN is nilpo-

tent and, therefore, all secondary products are eliminated
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after a finite number of steps. Under a certain condition.
however, the expansion of the series of production also eli-
minates those non-basics which enter into their own repro-
duction: Even if AN is not nilpotent such non-basics vanish
as t tends to infinity, provided that the maximum eigenvalue

of the basic system A

8 is greater than that of AN' as Egidi

(1975) shows in appendix S. For the economic meaning of this
condition see Sraffa (1960)., appendix B.

1 In chapter 17 Charasoff develops the idea of synchronized
labour costs. He maintains, that for a population growing at
the rate j socially necessary labour amounts to V + jK,
where K = C + V is the value of society’s total capital. Let
JK = M, then j proves to be equal to M:K, from which It fol-
lows, that exactly so much surplus labour has to be per-
formed for the sake of reproduction of the population that
the average sccial rate of profit turns out to be equal to

the rate of reproduction j. (218) Cf. v. Weizsdcker/Samuel-

son (1971).

12 . .
For a subsistence economy Seidelmann (1945) develops from

the matrix A the corresponding limit matrix € in order to
obtain the vector of labour values p = A. Seidelmann is men-

tioned in the foreword of Behr and Kohlmey, the editors of

the german edition of Sraffa (1960).

13 . .
Conrad Schmidt is perhaps known to the reader from En-

gels® Preface to Marx (1894), where Schmidt is mentioned in
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the context with the transformation problem.

14 Charasoff gives two examples for & reproduction capital:
1. The efforts of american steel trusts to integrate verti-
cally the entire production process of steel products. 2.
Let Russia produce all means Of production for her export,
consisting of corn alone, exactly in those proportions as is
required by this sole final product. Anyway he interpretates
mercantilism as the effort of forming a social capital which
can be decomposed into several distict reproduction capi-
tals.

5 . ;
! Sraffa (1960}, appendix A, our emphasils.

16 Sraffa (1960), appendix A,

7
! Charasoff (1909). ppP. 67 - 69; see also Charasoff (1910},
pp. 153 - 154,
18 Do L .
In Morishima (1973). pp. 49 - 50, @ similar argument 1s

to be found,

19 Marx (1894). p. &3S.
20 . .

For “dual duality" in Marx see Morishima (1973). p. 4.
21

samuelson (1971), who wants to show that Marx’'s formula

for the rate of profit is valid for & peculiar structure of
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coefficients, independent of the assumption of uniform or-
ganic composition of capital, in his famous system of equal
internal compositions of capital presupposes that the mate-
rial inputs in every industry, as well as the vector of real
wages, are of the same composition as gross output. This
implies that the augmented matrix A is an fZ-matrix,

As is shown in Morishima (1973)., p. 78, this assumption is
an extreme case of the necessary condition of linearly de-
pendent industries. A weaker assumption. sufficient to bring
about Samuelsons result and dual to that of uniform organic
composition, is a vector of real wages b as an eigenvector
of AC in the system of necessary production.

22
For the application of Markov-processes in Marxian theory

see MorishimasCatephores (1979). ch. &,

5 :
® Marx (1894). p. 213.

24
Cf, Roemer (1981), p. 98.
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